Some invariants for equivalent G-algebras  by Turull, Alexandre
JOURNAL OF 
PURE AND 
APPLIED ALGEBRA 
Journal of Pure and Applied Algebra 98 (1995) 209-222 
Some invariants for equivalent G-algebras 
Alexandre Turulll 
Department of Mathematics, University of Florida, Gainesville, FL 3261 I. USA 
Communicated by C. A. Weibel; received 17 July 1993; revised 3 November 1993 
Abstract 
In an earlier paper (Clifford theory with Schur indices, J. Algebra 170 (1994) 661-677), the 
author introduced a generalization of the Brauer-Wall group. It is defined for any given finite 
group G and any field F of characteristic 0. Each element of this generalized Brauer-Wall group 
is an equivalence class of central simple G-algebras. He showed that given a finite group H with 
a normal subgroup N such that H/N N G, and an irreducible character 1 of H, there corres- 
ponds naturally an element of this generalized Brauer-Wall group, and that this element alone 
controls the Clifford theory (including Schur indices) of x with respect o N. The present paper 
studies some invariants for G-algebras which are preserved under equivalence of G-algebras in 
the above sense. These invariants are the basis of a characterization of each equivalence class of 
central simple G-algebras in some cases, as is described in a forthcoming paper of the author. 
The present paper also includes a brief comparison of this generalization of the Brauer-Wall 
group with others that have appeared in the literature. 
0. Introduction 
In [lo], the set S(G, F) is introduced for each finite group G and field F, see also 
below. S(G, F) is a generalization of the Brauer group of a field, except hat no natural 
group structure is present in S(G, F). Its elements are equivalence classes of central 
simple G-algebras. The concepts of central simple G-algebra and of equivalence 
generalize their homonyms for algebras. The elements of S(G, F) control the Clifford 
theory of every group Hr containing a normal subgroup Hz such that HI/H2 z G. 
Namely, to every irreducible character x of H, , it is shown in [lo] how to associate an 
element [ [x] ] of S( G, Q (~1 H2)), which contains the information about how characters 
extend or are induced among subgroups of HI which contain HZ, their relative 
degrees, their fields of values and their Schur indices. If M is a X-quasihomogeneous 
module for HI over Q, a condition that one only needs to verify in terms of the 
character afforded by M, then En&,,(M) has a natural structure as a G-algebra over 
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Cl?(~lnJ, and is a representative of [[xl] E S(G, Q(x,,,)), see [lo] for details. What 
aspects of the structure of End oH,(M) are the relevant ones that describe its class in 
S(G,F)? In the present paper we begin to answer this question by defining some 
structures for every central simple G-algebra which are invariants (up to isomorphism) 
of their class. 
If G = 1, then S(G, F) is just the set of elements of the Brauer group of F. If 1 G( = 2 
and the characteristic of F is not 2, then S(G, F) is easily seen to be equivalent o the 
set of elements of the Brauer-Wall group of F, see [7] for the definition and properties 
of the Brauer-Wall group. The elements of the Brauer-Wall group are really Z2- 
graded algebras over F, but, in this case, it is easy to see that a Z,-grading structure 
on an algebra over F is equivalent to a G-action on the same algebra. A full set 
of invariants is available in this case. Each element of the Brauer-Wall group of F is 
characterized by three invariants: a parity, an element of F”/(F’ )‘, and an 
element of the Brauer group Br(F) of F. The situation for general G is much more 
complicated. 
In the present paper, we begin to work toward a characterization of the classes of 
central simple G-algebras A, for an arbitrary finite group G. We see that to every class 
is associated a subgroup of G, the inertia group I, that is readily obtained from any 
one representative of the class. More precisely, the inertia subgroup is uniquely 
determined up to conjugacy in G by the equivalence class of A. In the case 1 Gl = 2 and 
Char(F) # 2, this inertia group determines exactly the parity of A as an element of the 
Brauer-Wall group. 
Furthermore, for each inertia subgroup I, we construct a structure, the I-centroid of 
A, which also depends only on the equivalence class of A. This structure, which we 
denote by A(A,I), or A(A) if I is a normal subgroup of G, is an algebra of dimension 
lNG(Z)( over F, and has both an Z-grading and an action by N,(Z), with certain 
compatibility conditions (see Definition 3.1). In the case 1 G 1 = 2 and Char(F) # 2, the 
structure of A(A) is determined, up to isomorphism, exactly by Z and an element of 
F “/(F”)2, see Remark 3.2. In this particular case the invariant A(A) plays the role of 
the first two invariants (parity and an element of F”/(F”)‘) mentioned for the 
Brauer-Wall group. 
Let A be a central simple G-algebra over F, and K be an extension field of F. Then, 
A @rK is a central simple G-algebra over K in a natural way, and this process 
respects equivalence, see Proposition 1.9. The invariants defined in this paper behave 
well with respect o this process. Namely, if Z is an inertia group of A, then Z is also an 
inertia group of A OFK, see Proposition 2.7. Furthermore, 
A(A O,K,Z) 1: A(-%Z) OFK, 
see Proposition 3.7. 
The results of the present paper will be used to characterize all the equivalence 
classes of central simple G-algebras in certain cases. In a forthcoming article, we will 
introduce the concept of a ‘complement’ R for a given centroid A. Then, we will see 
that the isomorphism types of centroids with complement R are classified, up to 
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isomorphism, by two invariants: Al and an element ?(A, R) E H’(I, F” ). All the 
possibilities for these invariants will be characterized. Furthermore, for each 
such A, a subgroup of Br(F), depending only on R and Al, will be defined, 
and a bijection between the equivalence classes of central simple G-algebras with 
centroid isomorphic to A and the cosets of Br(F) under this subgroup will be 
established. These considerations will be enough to classify, in particular, all central 
simple G-algebras, up to equivalence, for many abelian G. This will be the case, for 
example, if F is a real field and G has either cyclic or elementary abelian Sylow 
2-subgroup. The classification will also be complete if F is any number field and G is 
cyclic. 
Since Wall’s paper [ 1 l] of 1964, various generalizations of the Brauer-Wall group 
involving grading or acting groups larger than Z2 have been proposed. In fact 
a substantial literature has emerged on the subject, of which we mention only [l-6,8] 
and invite the interested reader to check also the references in these papers. 
The results concern primarily the case where G is abelian. The most general group 
proposed so far is one introduced by Long [8] that contains all the others as 
specific subgroups. In the Brauer-Long group we consider G-graded G-algebras 
(or more generally dimodule algebras for some Hopf algebra) with the condition 
that they be G-Azumaya. The structure of the Brauer-Long group in the case 
of G-graded G-algebras is described in [a]. However, in the case that we 
need to consider for our applications, namely trivially graded simple G-algebras 
over a field F, the condition that A is G-Azumaya boils down to Z(A) = F. 
Although the classes of algebras with this condition do form a group whose structure 
is easily described, the condition is far too restrictive for the applications we 
have in mind. 
If F has enough roots of unity and still for abelian G a different point of view is 
suggested by the work of Knus [6]. Let 4 : G x G + F x be a fixed bimultiplicative 
map. Then if A is a G-algebra, one can use C#J togive A also a G-grading in a non-trivial 
way. Viewing each G-algebra as a G-graded G-algebra in this way we obtain a sub- 
group of the Brauer-Long group which depends on 4. This subgroup has been 
studied in its own right [3,4,6]. Even though using this approach we may study 
certain G-algebras A with Z(A) # F, many G-algebras of interest have to be excluded, 
see Remark 1.8, for more details. Hence this approach is not suitable for the applica- 
tions we have in mind. 
In the point of view adopted in the present paper, we agree to examine equivalence 
among all central simple G-algebras over a field F. The price we pay is that the 
resulting set of classes is no longer a group. 
1. Basic definitions and results 
Throughout, F will denote a field and G a finite group. We begin by recalling some 
of the basic definitions and results from [lo]. 
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Definitions 1.1. A G-algebra is a finite-dimensional ssociative algebra A over F with 
1 # 0 together with a homomorphism 
$: G- Aut(A), 
from G into the group of F-algebra automorphisms of A. We say that G acts on A and 
we use the reverse exponential notation for the action, so we write 
4Q)(4 = gu 
for g E G, a E A. Similarly, we call centralizer the set of elements of A fixed by some 
given elements of G, and we write, for example, 
C,(g) = {u E A 1 gu = u} 
for g E G. 
We say that a G-algebra A is simple if it does not have any G-invariant (two sided) 
ideals other than A and 0. We say that a G-algebra A is central if CZ&G) = F, where 
Z(A) is the center of A. 
Two G-algebras A and B are isomorphic if there exists a map 
cp:A - B, 
which is an algebra isomorphism and such that for every a E A, g E G, 
cp(“a) =“cp(4 
Note however that if A is a G-algebra and we say that A is a simple algebra or that A is 
a central algebra we will mean in each case as an algebra (ignoring the action of G). 
This is in contrast with saying A is a simple G-algebra or central G-algebra, which 
means as just defined. 
Lemma 1.2. Let A be a simple G-algebra. Then, A is a semisimple algebra. In particular, 
us an algebra 
A=AI@ ... @A,, 
where AI, . . . , A, are simple ideals of the algebra A, AiAj = 0 for i # j. Furthermore, 
G permutes the {AI, . . . , A,,} transitively. 
Proof. This is Lemma 1.3 in [lo]. 0 
If A and B are G-algebras, then A @ B (the tensor product always over F) is 
a G-algebra in a natural way. 
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Lemma 1.3. Let A and B be simple G-algebras and assume that B is central simple as an 
algebra. Then, A @ B is a simple G-algebra. If A is a central G-algebra, then A @ B is 
a central simple G-algebra. 
Proof. This is Lemma 1.4 in [lo]. 0 
We are now ready to define our equivalence relation, 
Definition 1.4. We will say that a G-algebra is trivial if it is G-isomorphic to a 
G-algebra E obtained in the following way. Let N # 0 be some FG-module and set 
E = End,(N). Then, E is a central simple algebra. The module structure of N provides 
a homomorphism 
cp:G-E” 
and, for g E G, a E E, we set ga = cp(g) a p(g)-‘. This provides E with the structure of 
a central simple G-algebra. 
Definition 1.5. If A and B are central simple G-algebras, we say that A and B are 
equivalent and we write A - B if and only if there exist trivial G-algebras E and E’ 
such that 
as G-algebras. 
Proposition 1.6. The relation - is an equivalence relation on the class of central simple 
G-algebras. 
Proof. This is Proposition 1.7 in [lo]. 0 
Definition 1.7. Let G be a finite group and F a field. We denote by S(G,F) 
the collection of equivalence classes of central simple G-algebras over F. If A is 
a central simple G-algebra over F we denote by [A] the element of S(G, F) that 
A represents. 
Remark 1.8. If G is abelian and F has a primitive exp( G)th root of 1 (where exp( G) is 
the exponent of the finite group G), then every G-algebra A becomes a G-graded 
algebra in a natural way and vice versa. Here G is the set of group homomorphisms 
from G to F”. If Arz G, then 
An = {a E A 1 ga = n(g)a for all g E G}, 
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and it is a straight forward exercise to show that this provides A with the structure of 
a G-graded algebra. The reverse correspondence from G-graded algebras to G-alge- 
bras is likewise straightforward. So one might ask what, in this case, is the relationship 
between our definition of A being a central simple G-algebra and A being a central 
simple G-graded algebra, for example in the sense of [3,4]. The answer is that every 
central simple G-graded algebra in the sense of [3,4] is a central simple G-algebra in 
our sense but not vice versa. The key is in the definition of the graded-center of A in 
[3,4]. For it, we need to pick some bilinear form 
and, the graded center of A is defined in [3,4] as the graded subalgebra z(A) of 
A spanned by all the homogeneous elements a E A, say, such that 
ax =f(cp, pL)xa 
for every p E 6 and every x E A,. Then A is said to be graded-central if z(A) = F. 
A graded F-simple G-graded algebra A is then a graded simple central algebra if A is 
also graded-central. It is easy to see that if A is a G-graded graded central simple 
algebra, then its corresponding G-algebra A is central simple in our sense as a G- 
algebra. However, the converse is definitely not the case. For an easy example, let 
G = (g) be a cyclic group of order 4 and let F = Q(i), where iz = - 1. Let 
A = F(G). Then A is a Galois field extension of F of degree 2. Let G act on A via the 
non-trivial homomorphism G + Gal(A/F) (with kernel of order 2). Clearly A is 
a central simple G-algebra in our sense. However 6 is a cyclic group of order 4 and fi 
is graded by the element cp of order 2 in 6. Let 4 be a generator for G. Then, no matter 
which f we choose we will have 
f(cp,cp) =f(4*944 =f($J?$4) =1. 
From this it follows that fi E z(A) = A. So A is not graded central simple in the 
sense of [3,4]. 
If K is an extension field of F, then there is a natural map S(G, F) + S(G, K), which 
we now describe. We will call this map extension of scalars. 
Proposition 1.9. Let G be a jnite group, F afield and K an extensionjeld of F. Zf A is 
a central simple G-algebra over F, then A Qr F is a central simple G-algebra over K. 
Furthermore, this map from central simple G-algebras over F to central simple G- 
algebras over K induces a map S(G, F) + S(G, K). 
Proof. Set A = A @rK. By Lemma 1.2, A is a semisimple algebra over F. It follows 
from Lemma 2.1 and Theorem 2.2, that A = AI 0 ... 0 A,., where Ai is a 
finite-dimensional simple algebra over F and Z(Ai)/F is a separable field extension. 
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Hence, A is a separable algebra over F. Therefore A is a semisimple algebra over K. 
Since A is a central G-algebra dim,(C,,,,(G)) = 1. Hence dimK(Cz,& G)) = 1. This 
means that Cz(a,(G) = K. Let el, . . . , e, be the primitive central idempotents of A. 
These are permuted by the action of G. Since the dimension over K of the centralizer 
of G in Z(A) is one, it follows that G can only have one orbit in its action on 
{e 1, . . . , e,}. Now the minimal ideals of A are exactly el A, . . . , e,A. Therefore, G acts 
transitively on the minimal ideals of A and A is the sum of its minimal ideals. Hence, 
any non-zero G-invariant ideal I of A must contain one (hence all) minimal ideals of A, 
and must then be A. This shows that A is a central simple G-algebra over K. 
Suppose B is a central simple G-algebra over F and B is equivalent to A. Set 
B = B @r K. There exists trivial G-algebras T, T’ such that A OF T = B @‘F T’ as 
G-algebras. It follows immediately from Definition 1.4 that T OF K and T’ @)F K are 
trivial G-algebras over K. Furthermore, 
A~K(~~~~)?:A~F~~‘F~~B~FT’~FK~BOK(T’~FK). 
This means that A N B as central simple G-algebras over K. Hence, A + A @r K does 
induce a map S(G, F) -P S( G, K). This concludes the proof of the proposition. 0 
2. The center and the inertia group 
The first invariant that we discuss is the center, which turns out to be a central 
simple G-algebra in its own right. 
Lemma 2.1. Let A be a commutative central simple G-algebra. Let el, . . . , e, be the 
primitive idempotents of A, and set Ki = eiA for i = 1, . . . ,u. Set I = Co(K1). Then 
(a) dim,(A) = [G: 11. 
(b) For i = 1, . . . , a, Ki is a field and KJeiF is a Galois extension with Galois group 
CG(ei)ICo(Ki)- 
(c) G acts transitively on {el, . . . , e,}. 
Proof. By Lemma 1.2, A is a semisimple algebra and K1, . . . , K, are its minimal 
ideals, on which G acts transitively. Hence (c) holds. Co(ei)/Co(Ki) acts as automor- 
phisms of Ki fixing eiF. NOW suppose x E Ki is fixed by every element of Cc(ei). Let 
h 1, . . . , h, E G be representatives for the left cosets of Co(ei) in G (by (c) 
[G: Co(ei)] = ~1). 
Set 
y = i hk. 
i=l 
It is easy to see that y E C,(G). Since A is a central G-algebra, it follows that y E F. 
Since the summands of y belong to different Kls and A = K1 @ ... 0 K,, we have 
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x = eiy and x E eiF. Hence, b holds. In particular, 
dimF(Kj) = [C,(ei): C,(Ki)]. 
Since c1 = [G: Co(ei)] and A = K1 @ ... @ K,, it follows that 
dimr(A) = [G: I], 
i.e. that a holds. This completes the proof of the lemma. 0 
Theorem 2.2. Let A be a central simple G-algebra. Then, Z(A), the center of A, is 
a commutative central simple G-algebra. Furthermore, if B is a central simple G-algebra 
and A and B are equivalent, then Z(A) and Z(B) are isomorphic as G-algebras. 
Proof. Since A is a central simple G-algebra, by Lemma 1.2, 
A = AI @ ... @A,, 
where Al, . . . , A, are simple ideals of the algebra A and G acts transitively on 
{A 1, ... 7 A,}. Since AI, . . . , A, are simple algebras, Z(A,), . . . ,Z(A,) are fields, and 
G also acts transitively on (Z(A,), . . . ,Z(A,)). But now 
Z(A) = Z(A,) 0 +.. 0 Z(A,) 
and any non-zero ideal of Z(A) must contain one of Z(A,), . . . , Z(A,). Hence, if this 
ideal is G-invariant, it must be Z(A). It follows that Z(A) is a commutative central 
simple G-algebra. 
Since A and B are equivalent, there exist trivial G-algebras T and T’ such that 
as G-algebras. But the center of A @ T is G-isomorphic to Z(A) as Z(T) = F and 
similarly for B. Hence, the restriction of the isomorphism A @ T N B @ T’ to the 
centers yields the desired G-isomorphism between Z(A) and Z(B). This concludes the 
proof of the theorem. q 
Remarks 2.3. Let K be an extension field of F. Let [A] E S(G, F) and let 
[A] E S( G, K) be its corresponding extension of scalars, see Proposition 1.9. Let Z be 
the center of [A]. By Theorem 2.2, Z is a well-defined (up to isomorphism) com- 
mutative central simple G-algebra over F. The center of [A] is just Z OFK. 
Definition 2.4. Let A be a central simple G-algebra. Let e be a primitive central 
idempotent of the algebra A and let K = eZ(A). Set I = CG(K). Then, we say that I is 
an inertia group of the G-algebra A. 
Proposition 2.5. Let A be a central simple G-algebra. Then, the set of inertia groups of 
A is a conjugacy class of subgroups of G, and depends only on the equivalence class of A. 
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Proof. By Theorem 2.2,Z(A) is a central simple G-algebra and depends only on the 
equivalence class of A. By Lemma 2.1, all the primitive central idempotents of Z(A) 
are conjugate under the action of G. Hence, the possible inertia groups are also 
conjugate under the action of G. lJ 
Lemma 2.6. Let K/F be afinite Galois extension ofjelds with Galois group G. Let L be 
an extension field of F. Set if = K gF L. Let e be a primitive idempotent of R. Then, 
Co(e) acts faithfully on eR. 
Proof. K is a central simple G-algebra over F. It follows, by Proposition 1.9, that K is 
a central simple G-algebra over L. Since dim&) = dim,(K) = [Cl, it follows from 
Lemma 2.1.a that C,(eK) = 1. Hence, the lemma holds. 0 
Proposition 2.7. Let K be an extension jeld of F. Let [A] E S(G, F), and let 
[A] E S(G, K) be its corresponding extension of scalars, see Proposition 1.9. The inertia 
groups of [A] are the inertia groups of [A]. 
Proof. Let Z be the center of [A]. Then, Z is a central simple G-algebra. The inertia 
groups of [A] are obtained as follows. Let e be any primitive idempotent of Z. Then, 
I = C,(eZ) is an inertia group of [A], and all the inertia groups are obtained in this 
way. By Lemma 2.1, eZ/eF is a finite Galois extension of fields with Galois group 
Cc(e)/r. By Remark 2.3, the center of [A] is just Z = Z @r K. Let 5 be any primitive 
idempotent of Z @r K contained in e. By Lemma 2.6, Cc(g)/1 acts faithfully on t?Z. 
Hence, I = C,(gZ) and I is also an inertia group of [A]. As the inertia groups form 
a conjugacy class of subgroups in G, the proposition follows. 0 
3. The I-centroid 
In this section we study an object which we call the I-centroid of A. It turns out to 
be a centralfully I-graded H-algebra, where H = N&Z) is the normalizer of an inertia 
group of A. We begin by defining this resulting structure. 
Definition 3.1. Let F be a field, If a finite group and I a normal subgroup of H. 
A structure A is said to be a central fully I-graded H-algebra over F if the following 
hold. 
(a) A is a fully I-graded algebra over F, that is we are given 
where this is a direct sum decomposition of vector spaces over F, and the algebra 
structure of A is such that A,A,, = ASh as sets for all g, h E I. 
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(b) We are also given an action of H on A in such a way that, the action preserves 
the algebra structure of A, for every h E I and a E A,,, b E A, we have ab = hba, and for 
all h E H, g E I, a E A,, We have hu E Ahgh-l. 
(c) Finally, Al is a finite dimensional semisimple commutative algebra, the central- 
izer of the action of H on AI is I and C,,(H) = F.l = F. 
Remark 3.2. In the case where 1 GI = 2 and the characteristic of F is not two, the 
structure of A is determined, up to isomorphism, exactly by I and an element of 
F”/(F”)2, as follows. Let G = {l,g}. 
Suppose, first, that I = G. Then, by c, G acts trivially on AI and AI = F.l. By a, 
there is some invertible element I E A,. Left multiplication by L provides an F-vector 
space isomorphism from AI to A,, so that A is two dimensional and A, = lAI . Now 
A2 E F” . Furthermore, if p E A, and p # 0, then p = a,7, for some a E F”, so that 
p2 = a212. Hence, A2, up to squares in F”, depends only on A. Now the G-graded 
algebra structure of A is determined, up to isomorphism, by J2, up to squares. In every 
case, A is commutative, so, by b, for every b E A, b = IblZ-’ = gb, and, G acts trivially 
on A. Hence, the isomorphism type of A is exactly determined by A2 up to squares in 
F”, in this case. 
Now suppose that I = 1. By (c) A = Al is a finite-dimensional semisimple com- 
mutative algebra on which G acts faithfully, and with C,(G) = F. Let A- = (G E A: 
ga = - u}. Since the characteristic of F is not two, A = F @ A-, as vector spaces. 
Because G acts faithfully on A, A- # 0. Let ,4 E A- be non-zero. Since A is com- 
mutative and semisimple, A2 # 0. Clearly, A2 E C,(G) = F. It follows that 3, is invert- 
ible and that A- = IF. In particular, A is two dimensional. As in the previous case, 
A2 E Fx is determined, up to squares in F”, by A. The G-algebra structure of A is 
determined, up to isomorphisms, by L2, up to squares. Since the grading on A is trivial, 
the isomorphism type of A is exactly determined by A2 up to squares in F”, also in this 
case. 
That the dimension of A over F is ) H 1 is not a special property of the case IH 1 = 2. It 
holds always, as our next lemma shows. 
Lemma 3.3. Let F be a jield, H a finite group and I a normal subgroup of H. Let A be 
a central fully I-graded H-algebra over F. Then, dim,(A) = I H I. 
Proof. Since A is fully Z-graded, for each g E I, there is some invertible element of A in 
A,. Hence, left multiplication by such an element proves that AI 1: A, as vector spaces 
over F. Hence, dim,(A) = I I) dimF( A,). Now AI is a semisimple commutative H- 
algebra and C,,(H) = F. Now it follows, as in the proof of Proposition 1.9, that 
H must act transitively on the primitive idempotents of AI. Hence, AI is a com- 
mutative central simple H-algebra. By Lemma 2.l.a, it follows that dim,(A,) = 
[H:i]. Hence, dim,(A) = {HI, as required. 0 
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Definition 3.4. Let F be a field, G be a finite group and A a central simple G-algebra 
over F. Let Z be an inertial group for A, and set H = N,(Z). The I-centroid of A, or 
simply the centroid of A if Z is normal in G, is the following structure A = A(A, I), also 
denoted A(A) if Z is a normal subgroup of G. Let 9 be the set of all primitive central 
idempotents f of A such that Co(fZ(A)) = I. By Definition 2.4, 9 # 6. Set 
e = &.,f: Then, e is a central H-invariant idempotent of A. (In particular, if Z is 
a normal subgroup of G, then, e = 1.) For each g E I, we let 
A, = {u E Ae: for all b E Ae, ab = Bbu}. 
We define A to be the abstract direct sum A = &I A,. Each A, is a vector space over 
F, and we give A its natural vector space structure as a direct sum. A direct 
computation shows that, if h,g E Z and a E A,,, b E A,, then the product ab in A is an 
element of A,. We define the product in A by extending this product bilinearly. 
Finally, another computation shows that, if h E H, g E I, a E A,, then the result of the 
action of h on a in A, namely hu, is an element of d&h- ,. We extend this action linearly 
to an action on A. 
Proposition 3.5. Let F be a jeld, G be a jinite group and A a central simple G-algebra 
over F. Let Z be an inertia groupfor A, and set H = No(Z). The I-centroid A = A(A,Z) 
of A is a well-dejined central fully Z-graded H-algebra over F. Furthermore, 
dim,(A) = 1 HI. 
Proof. It follows immediately from the definition that AI = Z(Ae) = eZ(A). By 
Lemma 1.2, A is a semisimple algebra, so Al is a finite dimensional semisimple 
commutative algebra. As 9 # 8, and AI = @/e/f Z(A), the definition of 9 implies 
that the centralizer of the action of H on AI is I. Suppose z E C,,(H). Let gl, . . . , g,, be 
representatives for the left cosets of H in G. Set z’ = Cy= i glz. Then, the element 
z’ E Z(A) does not depend on the representatives gl, . . . ,g. chosen, and, 
z’ E C,,,,(G) = F.l. If f, f’ E 9 and g E G but g#H, then “” = 0. Hence, z’e = z 
and it follows that z E Fe. Hence, c of Definition 3.1 holds. The definition of Ah 
implies that for every h E Z and a E Ah, b E A, we have ub = hbu whenever b is 
homogeneous, and, therefore, we have ub = hbu for every b E A. Hence, b of Definition 
3.1 also holds. 
We now show that A is fully graded. Let h E I. For each f E 9, Af is a simple 
algebra, and h acts on it by algebra automorphisms. Since h acts trivially on 
fZ(A) = Z(Af ), by the Skolem-Noether Theorem, there exists an element af E Af 
which is invertible in Af and such that, for all b E Af, hb = afb(af)-‘, where the 
inverse here is taken in AJ: We may set ah = If,/ a /. Then, ah is invertible in Ae and, 
for every b E Ae, hb = ah bu; I, where this time the inverse is taken in Ae. Now uh E Al, 
and a; l E Ah-‘. Left mUhipliCatiOn by ah provides an F-linear bijection from Al t0 Ah. 
In particular, uh Al = Ah. Since A 1 has an identity, A: = A 1. Hence, if h, g E I, then 
dhd, = uhAIugAl = uhugAl, because Al is in the center of A. But ahug is an invertible 
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element of Ahg, and it follows that AhA, = Ahg. Hence, A is fully Z-graded. This shows 
that A is a well defined central fully Z-graded H-algebra over F. Furthermore, by 
Lemma 3.3, dim,(A) = /HI. This completes the proof of the proposition. 0 
Theorem 3.6. Let F be a jeld and G a$nite group. Let A and B be equivalent central 
simple G-algebras over F. Let Z be an inertia group of A (and hence of B), and set 
H = No(Z). Then, A(A, I) and A( B, I) are isomorphic entral fully Z-graded H-algebras 
over F of dimension 1HI. 
Proof. By Proposition 3.5, A(A, I) and A(B, I) are central fully Z-graded H-algebras 
over F of dimension 1 HI. By Definition 1.5, there exist trivial G-algebras E and E’ such 
that 
A@EzBQE’ 
as G-algebras. By Proposition 2.5, Z is an inertia group of A @I E and of B @ E’. 
Obviously, A(A @ E, I) is isomorphic to A( B @I E’, I). Hence, it suffices to show that, if 
A is a central simple G-algebra over F with inertia group Z and E is a trivial G-algebra, 
then A(A, I) is isomorphic to A(A @ E, I). By Definition 1.4, we may assume that for 
some FG-module N, E = End,(N). The module structure of N provides a homomor- 
phism 
cp:G- E”. 
By the proof of Theorem 2.2, the centers of A and of A 0 E are canonically G- 
isomorphic. Hence, we may view the primitive central idempotents of A as also the 
primitive central idempotents of A @ E. Furthermore, if 9 is as defined in Definition 
3.4, then 9 also plays the same role for A 0 E. We set e = Cfesf, as in Definition 3.4. 
Suppose h E Z and a E A(A, I),,. Then, a E eA and, for every b E eA, we have ab = hba. 
It follows that a @I p(h) E eA 0 E, and, for every b E eA, t E E, we have 
(a 0 p(h))@ 0 r) = (hb 8 hr)(a 0 p(h)). 
As every element of eA @ E is a sum of elements of the form b @ t, it follows that 
a @ p(h) E A(A @ E,Z),,. We define a map 
$: A(A,Z)- A(A @I E,Z) 
by setting 
$(a) = a @p(h) 
for a E A (A, Z)h and h E I, and extending linearly to A (A, I). Then, $ is a linear map of 
Z-graded vector spaces and it is clearly injective. If a E A(A, Z)h and a’ E A(A, Z)h’, h, 
h’ E I, then 
$@a’) = aa’ 0 p(hh’) = (a 0 p(h))@ 0 p(h’)) = $(a)ll/(a’). 
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and, for g E H, 
~I/+) = “(a @p(h)) = gu 0 p(%) = l+q”a). 
Hence, $ is an injective morphism of Z-graded H-algebras. Since 
dim,(d(A,Z)) = IZZl = dim,(d(A @E,Z)), 
II/ is an isomorphism. This completes the proof of the theorem. 0 
Finally, we see that the I-centroid behaves well with respect o every extension of 
the field. If A is a central fully Z-graded H-algebra over F, then A 6jFK, where K is 
some field extension of F, is defined as a graded Z-algebra nd as an Z-Z-module. In fact 
it is easy to see that A OFK is a central fully Z-graded H-algebra over K. 
Proposition 3.7. Let F be ajeld, G ajnite group, A a central simple G-algebras over F. 
Let Z be an inertia group of A and set H = N,(Z). Let K be an extensionjeld of F. Then, 
A @‘F K is a central simple G-algebra over K which has Z as an inertia group, and 
A(A&I~K,Z) N A(A,Z)@,K. 
Proof. Set A = A BFK. By Proposition 2.7, A is a central simple G-algebra over 
K which has Z as an inertia group. Let $ be the set of all primitive central idempotents 
f of A such that C&j-Z(A)) = Z and 3 be the set of all primitive central idempotents 
f of A such that C&Z(A)) = I. By Definition 2.4,9 # @ # 3. Set e = CfEYf: Then, 
e is a central H-invariant idempotent of A. By the proof of Proposition 2.7, f~ $ if 
and only if f is a primitive central idempotent of A and 7~ e. Hence, CJTEJT= e. Let 
g E 1. Then, by Definition 3.4, 
A(A,Z), = {a E Ae: for all b E Ae, ab = gba}, 
and 
A(A@FK,Z).~ = { aEeA@FK:forallbEeA@,K,ab=~ba}. 
It follows that 
A(AOFKZ)~ = A(A,Z),&K. 
The result follows easily from this. 0 
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